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Abstract In this paper, we derive the complete
algebra of Lie point symmetries for the class of
time fractionaltime-fractionalnonlinear dispersive equa-
tion. By means of the classical Lie symmetry method,
the associated vector fields are obtained which in turn
are utilized for the reduction of the equation. In particu-
lar, the conservation laws of the equation are obtained.

Keywords Time-fractional nonlinear dispersive
equation - Lie symmetry method - Conservation laws
1 Introduction

Differential equations play an important and central
role in many fields. It is well known that Lie theory of
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symmetry group provides a systemic, general and effi-
cient method to deal with differential equations. This
theory is mainly used for the construction of similarity
reductions, group invariant solutions and the conserva-
tions laws. In general, Lie symmetries can be used to
reduce the order as well number of independent vari-
ables of original equation ( system of equations ) . For
further details, readers are referred to [1-11] .

Unlike the case of integral-orderintegral-orderpartial

differential equations (PDEs ), symmetries of fractienatorderfracti

orderpartial differential equations ( FPDEs ) have not
been investigated extensively. The study of FPDEs
through symmetries is quite interesting and signifi-
cant [12-28] . Therefore, in our present g.ud?study,we
investigate the symmetries of FPDEs and thereby do the
analysis. We successfully obtain the reduction in inde-
pendent and dependent variables. Moreover, we look
into the key issue of whether we can identify the FPDEs
from which the Lie point symmetries are inherited.

In this paper, we will investigate the class of

ti fonaltime-fractionalnonlinear dispersive equa-
tion

i et e () ] =0

X
where u(x, t) represents the wave profifeprofile,while
a,b, e and m are constants. Some special cases of (
1 ) have been used to describe physical situations in
various fields. If « = 1,a = 0, one can get the gen-
eralization of the KdV equation. In the special case if
m=2,a=0,b=1,Eq.(1)reduces to the classical
KdV equation, while m = 3,a = 0,b = 1, Eq. (1
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) becomes the famous mKdV equation. Further more
descriptions of ( 1) and its applications can be found
in [29-32] and references therein.

The paper is divided as follows. In .Sec™Sect. 2 ,
some definitions and properties of Lie group method
to apalbysiSanalyzethe FPDEs are given. Moreover, the

infinitesimal operators of the Lie-pofitlie pointsymmetries

admitted by Eq. (1) are also constructed. In.Sec-Sect. 3
, the conservation laws of the equation are obtained. The
main results of the paper are summarized and discussed
in the last section.

2 Lie symmetry analysis of the class of the

ti ionaltime-fractionalnonlinear

dispersive equation

In this section, we employ Lie symmetry method to
deal with the fractional nonlinear dispersive equation.
We first briefly recall the concept of fractional deriva-
tive ([33-36] and references therein ) . In particular, the

Rie fouvilleRiemann—Liouvillefractional deriv-
ative is defined by
Df f(t)
{ ?3'17114/“’2/” a=neN,
F(n a)dt” fo « ug()eai)l —d0, n —l<a<n,neN,

(2)
where I7(z) is the Euler gamma function.

Assume that (1) is invariant under the one parameter
Lie group of point transformations

*=t4et(x,t, M)%O (82) ,
f = x4 eE(x, 1, u)HOE + O (82),
*=u-+enx,t, u);{»@‘@—+ 0] (82) ,

0% %u R

S g +8na(x,t,u)+0<s ) (3)
dii o

a_lfza_u“” (x. 1. u%+0(82),

X

9% 0%u .

S =gm e (XIMW+O( )

3a 9u

= e 006 + 0 ().

where ¢ is the group parameter, and its associated Lie
algebra is spanned by the following vector fields

9 9 9
= — — —.
1% t(x,t,u)at +é(x,t,u)ax +n(x,t,u)8u “4)

@ Springer

Here,
t* *
f(-xv t, M) = $|8=07 s(xv t, M) — de |8=07
u*
n(stu) = |8:0' (5)

de
On the basis of the infinitesimal invariance criterion,
one can get

prIV(Ap|a=o =0, ©6)
where Ay = uf + (s(um)x + % [Mu“ (u[’)xx] ) .
X
The prolongation operator pr®3V is

pr(a’S)V =V + 7)283;"14 + ’lxaux + nxx8

Uxx
+ 1" 0 @)

where
n = nx + (u — EQux — Tty — Equy — Ty,
0 = nxx + @l — Exx)thy — Tuxlty

+ Ol = 260’ — 2ttty 0

= Tyt iUy + (Ny — 260 Uy — 2Tl

— 3&ytxxtly — TyUxxUs — 2TyllxrUy,
0 = N 4 Glexu — Exan )y — Toxxdle—31U;

+ 3(Mxuu— S”u) — 3TyyullxUs + Uxlly

3
+ Muuu — 3&xuu) ’/‘:\» + 3(Mxu — Exx)txx
— 3Toxlyy — 3Txuuu)zcut+3(77uu —3&x ) Uty
— 3Teylyxlly — 6Txuuxt”.\‘_37:xuxxt7‘(

4
- gxxxu

+ (N — 38 ) Uxxx

2 3 3
- 6$uu”xx'4 3Tuu“ Utx — TuuuMuxut
- 35uuxx — 3tulyxilty — 3Tyl >3
— 3Tyt Uy Uy —4E Uty xx — TyllsUyxy.
In particular,
0%n 0%u a*n
0 u
=—+( aD (7)) — —u
T = Gpa T M dre ar

S [(a a“nu_ a nal
e 2 ()T - ()]

x DY)~ (Z) D} EDI " w).  (9)

n=1
where

79

80

81

82

83

84

85

86

87

88

89

920

91

92

93

94

95

n m k-1 1 e
U=u = —s
2325 ()C)Osrarra
m an—m-i—kn
k—
X [_u]rat_m[u r] 8tn_m8uk )

a Journal: 11071 MS: 2156 [JTYPESET []DISK []LE []CP Disp.:2015/5/15 Pages: 7 Layout: Medium ‘

(16



98

99

100

101

102

103

104

105

106

107

108

109

110

111

112

113

114

115

116

17

118

119

120

121

122

123

124

125

126

127

128

129

130

131

132

133

Time-fractional nonlinear dispersive equation

and additional constraint condition is

here ¢ and c; are arbitrary constants. Thus, the corre-
sponding vector fields are

T(x,t,u)|=0 = 0. 11
(e 1 wli=0 (v _ciatb—3m+2)1 0
Compared with the Lie symmetry method to integrat-orderintegral- o at
orderdifferential equations, it is can be easily seen that a 0
constraint condition ( 11 ) and formula ( 9 ) are critical +ler@+b—mx+al ox T 261”5' (16)
to FPDE:s. or
Now, we will study the class of ti fonaltime- Vi — Kl V) — (a+b—-3m+2)t 9
fractionalnonlinear dispersive equation using above T T o ot
i . Fi - 0 d
{Ae .symmetr}./ group theory. First, one can get the fol n ( @+b— m)x) 9 ol a7
owing assertion ax ou
which complete the proof. O

Theorem 1 The symmetry group of the equation is
spanned by the following vector fields

5 @+b—3m+2)t 9
_’V2= .

Vi =
= oy o 31

+((a+b—m)x)%+2ui. (12)

ou

Proof By assuming that Eq. ( 1) is invariant under the
transformation group ( 3 ) , one can get the symmetry
equation as follows

10 4 (a+b— Dqut2u,,,

+ nxxxua+b71 2

+em(m — Dnu™ “uy

+emn u" '+ (a+3b=3)(a+b—2)nu TP U uyy
+(a+3b =3 u"2u,,

+(a+3b =3 uttt2y,
+(b—1(a+b—2)a+b—3)nut=43

+3(b — D(a+b—2)nu*"3u? =0. (13)

Substituting ( 8 ) 7‘—( 11 )into ( 13 ), and letting all of
the powers of derivatives of u to zero, one can have

=t =§&=8&x =1 =N =0,
(e =38 )u+(a+b—1)n=0,

(v +my —36)u+(a+b—2)n=0,
(tre + 2y = 38 )u+(a+b—-3)n=0,
(tre — §x)u+ (m — 1)n =0,

a n a n+1 _
(I’l)at (7714) - (l’l + 1)Dt (T) - 05

for n=1,2,.~ .. (14)

By solving these equations, we have

c1 (a+b—3m+2)¢t
" ,

E=cila+b—m)x+c, T=

n = 2ciu, (15)

In particular, for the symmetry V>, we have the char-
acteristic equation
d dt d
to- = = == a8
(a+b—m)x (a+b—-3m+2)t 2u
which leads to the following similarity variable and the

similarity transformation

_ a(atb—m)
5 = Xt atb3m+2

20
U = ta+b-3m+2 g(&')’

(19)
as reguiredrequired.

Theorem 2 The transformation (19) reduces (1) to

134

135

136

137

138

139

140

141

142

143

144

145

146

147

148

149

the following nonlinear ODE of mectional 150

order

l—ot 2«
+b—3m+2°
(Pa+b—3ma+2 " ) g(g)

a(a+b—m)
+emg™ ge + (b —1)a+b— 2)8“+b_3g§
+ (Cl + b— 3)ga+b72g§§g§ + g(l+b71gsgs — O,
(20)

with the Erdelyi-KoberErdelyi—Koberfractional differ-
ential operator Pﬁf % of order [33]

n—1

T, . 1. d T+o,n—o
o= (r + - E‘E) (K5 ge) ©,

j=0
21
1 N
gl adnN, (22)
o o €N,
where

(K5¢e) ©
ﬁ S~ 1)“_1u_(f+“)g($u%)du, a>0,

g&), a=0,
(23)

is the Erdé lyi—Kober fractional integral operator.
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Proof We firstletn — 1 <o <n,n =1,2,3,....
Then, in light of the Rie fouvilleRiemann—
Liouvillefractional derivative and the similarity trans-
formation, we get

9%u P 1 /t(; -
JE— [ L — — 5
00” ~ 3 | T —a) J

20 a(a+b—m)
X § a+b—3m+2 g(_xs a+b— 3m+2)ds

(24)

Under the assumption v = ﬁ, Eq. (24 ) reduces

o n .
8J = 37 t”_“"'ﬁ.ﬁ#ﬂ ;/‘ (U_l)n—a—l
e g Tn-a)),

Ay — 200 (a+b—m)
X v (n a+a+b3m+2+1)g(5v;+‘;;3mr$2)dv:|

a" n—a 2a I+ —2% — n—a
—0+ 5 To—3m¥2
g t atb=3m+2 Ka+11a—3m+2m 8 (é) .
I ala+b—m)
(25)

a(a+b—m)

By using the relation § = xt~ «+=3m+2, Eq. ( 25)
further simplifies to

0 . B a(a+b—m)
o= s
a(a+b—m)

T a+b-—3m +2‘§d5¢@)

) e — ¢(g)

(26)

Thus, one can get

a" 2a I+—2% g
n—a+ 2% Fh—3mT2
t a¥b=3mI2 N Ky s g)®

8[” a(a+b—m)

n—1
2
- % [83 (;”‘Hwb%mu
- t

1+—2%  n—a
Fh—3m+2°
X (Ka-%—ba—f%m-%—é" gg) (S))]
a(a+b—m)

an—l
= 91

2o
|:z‘n_a+a+b—3m+2_1 (n —

+a+b—3m+2_a+b—3m+2§E

g) (S)].

2a ala+b—m) d)

27)

a+b—3m+2
a(a+b—m)

2a
< (K i e

@ Springer

RepeatRepeatingthe previous step, one has
n o 2a -
a_ [[}’lﬁt+a+b23m+2 (K1+a+b—3m+2’n Olg) (5)}

a+b—3m+2
8 tn a(a+b—m)

1 ra 2
_ - tn—a-l—m

arn—1| ot
- xg><s>)]

20

«( k e TE R
a+b—3m+2
a(a+b—m)

an—l
= |:tn O[+z/1+b 3n+2 (n —a
atl’l—l
n 2a a(a+b—m) . d
a+b—-3m+2 a+b-3m+2 d&
I+ 2% n—a
X (Ka+ba—-gf:z+32 - g) (é)}
a(a+b—m)
e e ==l Il (S
=...=t B TR H.i=0 -«
20 . a(a+b—m) _d
+ +Jj- §—
a+b—-3m+2 a+b—-3m+2° d¢
l+ﬁ,n—a
X (Ka+b+3f;1+32 - g) (é) (28)
a(a+b—m)
So we have
Fu _ a2 (et e
m =1 a+b=3m+2 Pa+b—3m+2 g (S) (29)
a(a+b—m)

Hence, it is easily found that ( 1 ) reduces into the

following fractienatorderfractional-orderODE

I—a+ E"‘m a _
(Pa+b—3m:2b s ) g(é) + gmgm lgs

a(a+b—m)

+(b—a+b—2)g 73}

+@+b-— 3)ga+b72 a+b—1

geee = 0.
(30)

Jioaservietivriiawsoof. O

8ee8e + &

In this section, we study the conservation laws of the
class of time-fractional nonlinear dispersive equa-
tion. The Rie jouvilleRiemann—Liouvilleleft-

sided time-fractional derivative will be used as
oD% = D!'(o1]'®u), (€1Y)
in Eq. (1) . HereHere, D; is the operator of differen-
tiation with respect to #, n = [a] + 1, and o' *u is
the left-sided time-fractional integral of order n — «
defined by [25]

©ud, x)

n—o — 1
Ol " u)(x,t) = Fo—a ), (=) de,

(32)

where I'(z) is the Gamma function.
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Time-fractional nonlinear dispersive equation

3.1 Necessary preliminaries

A conserved vector satisfies the following conservation
equation

D(C") 4 Dx(C*) =0,
where C" =

Eq. (33 ) is called a conservation law for Eq. (1) .
A formal Lagrangian for ( 1 ) can be introduced as

NI

HereHere,v(x, t) is a new dependent varlable. Con-
sidering the formal Lagrangian, an action integral is
given by

(33)

1
L=v(x,t)|:uf‘+s(um)x+l—)[ 7 u? u

T
/ / L(x,t,u,v,Df’u,ux~-~)dxdt. (35)
0 2
TheMEulerfLagrangeoperator isdefined
by [25,26]
8 0 0 0 d
= DO{ * _ D2
Su  du + (D7) DY u "aux + T Oy
a
3
— , 36
¥ Ot xx (56)

where (Dy)* is the adjoint operator of (Dy").

Note that Eq. ( 1) with the Riemana=EfouvilleRiemann—
Liouvillefractional derivative can be rewritten in the
form of conservation law form ( 33 ) with

1
C' =D (oI %u), C* = eu™ + Eu”(ub)xx. (37)

The adjoint equation is similarly to the case of integer-
order nonlinear differential equations [25,26] , so we
have the adjoint equation to the nonlinear TFDE ( 1)
as Euler—Lagrange equation
SL
=

Considered the case of two independent variables
t, x, and one dependent variable u(¢, x), this funda-
mental identity can be written as

(38)

- k)
X 4+ Di(0)l + Dy ()] = Wa— + D;N" + D,N*,
u

Cl(t, x, U, #.), CF = C¥(t, X, et .. ).

and

W=n—rtu

— Eu,. 1)

For the case
fractional derivative is used in Eq. ( 1 ) , the operator
N' is given by [25,26]

n—1
k 1—k
=i+ > (=Df oD~ F(w)Df 5.D%
k=0
—(=D"J (W D,"8 D¥a ) (42)
where J is the integral [25,26]
[T, x)g(u, x)
J(f, ——————dudr.
SALZN a)// ooyt
(43)
The operator N* is defined by
d d d
Y=El+W -D D;
s+ (Bux Pty * xaum)
+ D (W) 9 D 9 +P7
! Oty xa“xxx *
+ D (W) (44)
auxxx

For any generator X admitted by Eq. ( 1 ) and any
solution of this equation, we have:

(XL + Dy(t)L + Dy (§)L) |1h=0 (45)
This equality yields the conservation law
D:(N'L) + D,(N*L) = 0. (46)

(39)
where/ is the identity operator, % is theE/tﬂm‘;L&gra‘@Euler—

Lagrangeoperator, N’ and N* are the Noether opera-
tors, X is an appropriate prolongation for the Lie point

generator
g0 rel NS R
=T7— —
o1 Tou " T apeu T duy
a
" (40)
Oltxx Ollyxx

3.2 Conservation laws
In the previous subsection, we gave some basic defini-

tions. In this subsection, we will present the conserva-
tion laws.
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For the case, when o € (0, 1), using (42 ) and ( 44
), one can get the components of conserved vectors

oL
0 {on‘u}

C! =1L+ (1" yD* (W) D?

= v D{ (W) + J (Wi, v), 47)
Cr=¢L+ W, oL _p oL + D? oL
P ' Ouy Xauxx Y Oy
oL oL ) oL
+Dx(Wi) 7_Dx +DX(W1')
Oty OUyxx Oty

=W, [v((a +b =32y,
43 —Da+b— 2)u“+”*3u§%+gmu'"*l)

— D, [v(a + b—3)u“+h72ux] —I—D)QC (vu‘”bil) ]
+ Dx(Wi)‘v(a +3b — 32y —Pu,

- D, (Wﬁb*l) }+D§(W,») (vu““’*‘) . (48)

where i = 1, 2 and functions W; are
(a+b—-3m+2)t
u
o

Wi = —uy, Wo =2u —

t

—[ @+ b —m)x]ux. (49)
Also, when « € (1, 2), we get the components of
conserved vectors
oL
d {on‘u}

oL
3 {oDfu}

2 5 0L
—(—1) .] Wi,DtW
t

= v oD*  (Wi) + T (Wi, vp)

Cl =1L+ (-1 oD (Wi)D}

+(=D'oD*2(W;) D}

— v 0D (Wi) = T (Wi, vin), (50)
Cr=¢L+ W, AL O + D? oL
P ' Ouy g Oy * OUyyx
oL oL 2 oL
+D.(Wy) (- - D, +D(W)
Oty x Oty xx Oty xx

=W [v((a +b =32y,

@ Springer

+3(b — )(a +b —2u=3u2
—i—smum*l) — Dy, [v(a +b— 3)ua+b72ux]

+ Df (vu‘”h*l) ]
+ DX(W,-)(v(a +3b — 32y —Pu,
- D, (Uua+b—1) ] n D)%(Wi) (vu‘””’l), 1)

where i = 1, 2 and functions W; have the form

(@a+b—3m+2)t
u

Wi =—uy, Wo=2u— t
o
—[@+b—m)x]u,. (52)
4 Concluding remarks and discussion
In this paper, we investigated ti fonaltime-

fractionalnonlinear dispersive equation via Lie sym-
metries and conservation laws. We firstly obtained the
Lie point symmetries and perform symmetry reduc-
tions. Furthermore, the conservation laws are con-
structed for the first time in this paper. The obtained
results will serve as benchmark in the accuracy test-
ing, comparison of numerical results. There are several
issues which need to be pursued furthers. For exam-
ple, here we have used classical Lie symmetry method
for only two independent x, ¢ and one dependent u
variables. It is not clear that, how to derive similar
results in the case of time FPDEs with more indepen-
dent and dependent variables. In addition, for the con-

servative form (u)¥ + (eu’” + %Wu” (ub)xx) =
0, one can write the potential system u = vy and
eu™ + % L’ u (ub)” = —vy,itis also not clear that
whether there exists nonlocal symmetry. It is of interest
in general to study whether the method of investigating
PDE:s can be extended to FPDEs. It is worthy of inves-
tigating further and these topics will be reported in the
future series of research works.
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